Introduction {#Sec1}
============

If supersymmetry (SUSY) is realized in Nature, it should be broken at some high scale. A consequence of SUSY breaking is the existence of a Goldstone fermion---the goldstino---and its scalar superpartner, the sgoldstino. The goldstino becomes the longitudinal component of the gravitino which is rendered massive (super-Higgs mechanism), with a mass of order $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{f}$$\end{document}$ is the scale of spontaneous supersymmetry breaking in the hidden sector and $\documentclass[12pt]{minimal}
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                \begin{document}$$M_P$$\end{document}$ is the Planck scale. Also, the sgoldstino can become massive and decouple at low energies. One interesting possibility is that $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{f}\ll M_P$$\end{document}$, which represents the case of the so-called low-scale SUSY breaking models that we analyze in this work. Then the longitudinal gravitino component couplings which are those of the goldstino and proportional to $\documentclass[12pt]{minimal}
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                \begin{document}$$1/\sqrt{f}$$\end{document}$ \[[@CR1]--[@CR5]\] are much stronger than the couplings of the transverse gravitino component fields, which are Planck-scale suppressed. The latter vanish in the gravity-decoupled limit and one is left with a goldstino superfield besides the matter and vector superfields of the model. The gravitino is then very light, in the milli-eV range if SUSY breaking is in the multi-TeV region.

In this work we consider a variation of the minimal supersymmetric standard model (MSSM) called "non-linear MSSM" defined in \[[@CR6]\] (see also \[[@CR7]--[@CR9]\]) in which $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{f}$$\end{document}$ is a free parameter that can be as low as few times the scale of soft breaking terms in the visible sector, denoted generically $\documentclass[12pt]{minimal}
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                \begin{document}$$m_\mathrm{soft}$$\end{document}$. We assume that all fields beyond the MSSM spectrum (if any) are heavier than $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{f}$$\end{document}$ (including the sgoldstino). Then, at energies of few TeV, $\documentclass[12pt]{minimal}
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                \begin{document}$$E\sim m_\mathrm{soft}<\sqrt{f}$$\end{document}$ we have the MSSM fields and the (non-linear) goldstino superfield ($\documentclass[12pt]{minimal}
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                \begin{document}$$X$$\end{document}$) coupled to them. The auxiliary component field $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle F_X\rangle \sim - f$$\end{document}$) of $\documentclass[12pt]{minimal}
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                \begin{document}$${\propto } 1/f$$\end{document}$) between the MSSM fields and generate sizeable effective couplings, in particular in the Higgs sector, if $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{f}$$\end{document}$ is low (few TeV). The study of their implications for the electroweak (EW) fine-tuning is one main purpose of this work. This energy regime can be described by a non-linear goldstino superfield[1](#Fn1){ref-type="fn"} that satisfies $\documentclass[12pt]{minimal}
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                \begin{document}$$X^2=0$$\end{document}$ \[[@CR8]--[@CR11]\]. This constraint decouples (integrates out) the scalar component of $\documentclass[12pt]{minimal}
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                \begin{document}$$X$$\end{document}$ (sgoldstino), independent of the visible sector details (it depends only on the hidden sector \[[@CR12]--[@CR14]\]). The alternative case of a light sgoldstino, one that can mix with the Standard Model (SM) Higgs, was studied in \[[@CR7], [@CR15], [@CR16]\]. At even lower energies, below the sparticle masses one is left with the goldstino fermion coupled to SM fields only, and all supermultiplets are realized non-linearly, i.e. all superpartners are integrated out.

However, with so far negative searches for supersymmetry at the TeV scale, the original motivation for SUSY, of solving the hierarchy problem, is sometimes questioned, since the stability at the quantum level of the hierarchy EW scale $\documentclass[12pt]{minimal}
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                \begin{document}$$\ll M_P$$\end{document}$ becomes more difficult to respect. Indeed, the EW scale $\documentclass[12pt]{minimal}
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                \begin{document}$$v^2=-m^2/\lambda $$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda \sim \mathcal{O}(1)$$\end{document}$, an effective quartic Higgs coupling; with an increasing $\documentclass[12pt]{minimal}
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                \begin{document}$$m\sim m_\mathrm{soft}$$\end{document}$, it is more difficult to obtain $\documentclass[12pt]{minimal}
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                \begin{document}$$v=246$$\end{document}$ GeV. This tension is quantified by EW scale fine-tuning measures, hereafter denoted generically $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta $$\end{document}$, with two examples being $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta _q$$\end{document}$ \[[@CR17]--[@CR20]\] (early studies in \[[@CR21]--[@CR25]\]) defined as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Delta _m&= \max \big \vert \Delta _{\gamma ^2}\big \vert , \quad \Delta _q=\left\{ \sum _{\gamma } \Delta _{\gamma ^2}^2\right\} ^{1/2},\nonumber \\&\times \mathrm{with}\ \Delta _{\gamma ^2}\equiv \frac{\partial \ln v^2}{\partial \ln \gamma ^2}. \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta _q$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta _m$$\end{document}$ quantify the variation of $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ that denote the SUSY breaking parameters and the (bare) higgsino mass ($\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta _{m,q}$$\end{document}$ are regarded as intuitive measures of the success of SUSY as a solution to the hierarchy problem. For the constrained MSSM, $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ denotes the set: $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0$$\end{document}$. For the recently measured Standard Model-like Higgs mass $\documentclass[12pt]{minimal}
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                \begin{document}$${\approx }500$$\end{document}$ for non-universal boundary conditions for gauginos. These values are rather far from those regarded by theorists as more "acceptable" (but still subjective) of $\documentclass[12pt]{minimal}
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One can ask, however, what relevance such values of the EW fine-tuning have for the realistic character of a model and whether less subjective, model-independent bounds actually exist. Recent results \[[@CR31]--[@CR33]\] (based on previous \[[@CR30], [@CR34]--[@CR37]\]) suggest that there is an interesting link between the EW fine-tuning and the minimal value of chi-square ($\documentclass[12pt]{minimal}
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                \begin{document}$$v=v(\gamma )$$\end{document}$ to its value (246 GeV) and with some simplifying assumptions it was found that there exists a model-independent upper bound $\documentclass[12pt]{minimal}
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                \begin{document}$$n_{df}$$\end{document}$ is the number of degrees of freedom of the model, $\documentclass[12pt]{minimal}
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                \begin{document}$$n_\mathcal{O}$$\end{document}$ the number of observables and $\documentclass[12pt]{minimal}
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                \begin{document}$$n_p$$\end{document}$ the number of parameters. Generically, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_{df}\sim 10$$\end{document}$ or so; see for example Table 1 in \[[@CR32]\], depending on the boundary conditions of the MSSM-like model. This gives $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta _q\ll \exp 5\approx 150$$\end{document}$ or so. This is an estimate of the magnitude one should seek for $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta $$\end{document}$ should be regarded with due care. Nevertheless, the above results tell us that a small $\documentclass[12pt]{minimal}
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This view is further confirmed by a less conservative approach, which shows that there is also a link between the EW fine-tuning and the covariance matrix of a model \[[@CR45], [@CR46]\] in the basis of UV parameters ($\documentclass[12pt]{minimal}
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A very large EW fine-tuning, which increases further with negative searches for SUSY may suggest that we do not understand well the mechanism of SUSY breaking (assuming that SUSY exists not far above the TeV scale). This motivated us to consider the models with low SUSY breaking scale mentioned above and to evaluate their EW fine-tuning for the recently measured Higgs mass. (An early, pre-LHC study of other models with low SUSY scale is found in \[[@CR47]--[@CR49]\].) We examine the values of both $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{f}\sim $$\end{document}$ few TeV. The only difference of this model from the usual MSSM is present in the gravitino/goldstino and dark matter sectors. We show that this model can have a reduced fine-tuning compared to that in the MSSM-like models. The reduction is done without additional parameters or extra fields in the "visible" sector, which is unlike other models that reduce EW fine-tuning by enlarging the spectrum. Our results depend only on the ratio $\documentclass[12pt]{minimal}
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The Lagrangian in "non-linear" MSSM {#Sec2}
===================================

The Lagrangian of the "non-linear MSSM" model can be written as \[[@CR6]--[@CR9]\]$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal{L}=\mathcal{L}_0+\mathcal{L}_X+\mathcal{L}_1+\mathcal{L}_2; \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{L}_0$$\end{document}$ is the usual MSSM SUSY Lagrangian which we write below to establish the notation:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal{L}_0&= \sum _{\Phi , H_{1,2}} \int \mathrm{d}^4\theta \Phi ^\dagger e^{V_i}\Phi +\bigg \{\int \mathrm{d}^2\theta \Big [\mu H_1H_2+ H_2QU^c\nonumber \\&+QD^cH_1+LE^cH_1\Big ]+\hbox {h.c.}\bigg \} \nonumber \\&+\sum _{i=1}^3\frac{1}{16g_i^2\kappa } \int \mathrm{d}^2\theta \text{ Tr }[W^\alpha W_\alpha ]_i\nonumber \\&+\hbox { h.c.}, \quad \Phi :Q,D^c,U^c,E^c,L, \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa $$\end{document}$ is a constant canceling the trace factor, and the gauge coupling is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_i$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1,2,3$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U(1)_Y$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$SU(2)_L$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$SU(3)$$\end{document}$, respectively. Further, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{L}_X$$\end{document}$ is the Lagrangian of the goldstino superfield $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X=(\phi _X,\psi _X,F_X)$$\end{document}$ that breaks SUSY spontaneously and whose Weyl component is "eaten" by the gravitino (super-Higgs effect \[[@CR52], [@CR53]\]). $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{L}_X$$\end{document}$ can be written as \[[@CR8], [@CR9]\]$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal{L}_X\!=\!\int \mathrm{d}^4\theta X^\dagger X \!+\!\Big \{\int \mathrm{d}^2\theta fX\!+\!\hbox {h.c.}\Big \}\quad \mathrm{with}\ X^2\!=\!0.\quad \end{aligned}$$\end{document}$$The otherwise interaction-free $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{L}_X$$\end{document}$ when endowed with a constraint $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X^2=0$$\end{document}$ \[[@CR8]--[@CR11]\] describes (on-shell) the Akulov--Volkov Lagrangian of the goldstino \[[@CR54]\]; see also \[[@CR55]--[@CR61]\], with non-linear SUSY. The constraint has a solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _X=\psi _X\psi _X/(2F_X)$$\end{document}$ that projects (integrates) out the sgoldstino field which becomes massive and is appropriate for a low energy description of SUSY breaking. Further, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle F_X\rangle \sim - f$$\end{document}$ fixes the SUSY breaking scale ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sqrt{f}$$\end{document}$) and the breaking is transmitted to the visible sector by the couplings of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X$$\end{document}$ to the MSSM superfields, to generate the usual SUSY breaking (effective) terms in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{L}_1+\mathcal{L}_2$$\end{document}$ (see below). These couplings are commonly parametrized (on-shell) in terms of the spurion field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S=m_\mathrm{soft}\theta \theta $$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_\mathrm{soft}$$\end{document}$ is a generic notation for the soft masses (later denoted $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{1,2,3}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{\lambda _i}$$\end{document}$); however, this parametrization obscures the dynamics of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X$$\end{document}$ (off-shell effects) relevant below that generates additional Feynman diagrams mediated by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_X$$\end{document}$ (Fig. [1](#Fig1){ref-type="fig"}). Such effects are not seen in the leading order (in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1/f$$\end{document}$) in the spurion formalism. The off-shell couplings are easily recovered by the formal replacement \[[@CR8], [@CR9]\]$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} S\rightarrow \frac{m_\mathrm{soft}}{f} X. \end{aligned}$$\end{document}$$In this way one obtains the SUSY breaking couplings that are indeed identical to those obtained by the equivalence theorem \[[@CR1]--[@CR5]\] from a theory with the corresponding explicit soft breaking terms and in which the goldstino fermion couples to the derivative of the supercurrent of the initial theory. These couplings are generated by the D-terms below:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal{L}_{1}&= \sum _{i=1,2} c_i \int \mathrm{d}^4\theta X^\dagger X H_i^\dagger e^{V_i}H_i \nonumber \\&+\sum _{\Phi } c_\Phi \int \mathrm{d}^4\theta X^\dagger X\Phi ^\dagger e^V \Phi . \end{aligned}$$\end{document}$$and by the F-terms:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal{L}_{2}&= \sum _{i=1}^3 \frac{1}{16 g^2_i\kappa } \frac{2m_{\lambda _i}}{f} \int \mathrm{d}^2\theta X\text{ Tr }[W^\alpha W_\alpha ]_i \nonumber \\&+c_3\int \mathrm{d}^2\theta XH_1H_2+\frac{A_u}{f}\int \mathrm{d}^2\theta XH_2QU^c\nonumber \\&+ \frac{A_d}{f}\int \mathrm{d}^2\theta XQD^c H_1 +\frac{A_e}{f}\int \mathrm{d}^2\theta XLE^cH_1+\hbox {h.c.}\nonumber \\ \end{aligned}$$\end{document}$$with$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&c_{j}=-\frac{m_j^2}{f^2},\quad j=1,2;\qquad c_3=-\frac{m_3^2}{f}, \qquad c_\Phi =-\frac{m_\Phi ^2}{f^2},\nonumber \\&\qquad \Phi : Q, U^c, D^c, L, E^c, \end{aligned}$$\end{document}$$In the UV one can eventually take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_\Phi =m_0=m_1=m_2$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{\lambda _i}=m_{12}$$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1,2,3$$\end{document}$) for all gaugino masses, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_3^2=B_0\,m_0\,\mu _0$$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu \equiv \mu _0$$\end{document}$ in the UV) and these define the "constrained" version of the "non-linear" MSSM, discussed later. For simplicity, Yukawa matrices are not displayed; to recover them just replace above any pair of fields $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _Q \phi _U\rightarrow \phi _Q\gamma _u \phi _U$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _Q\phi _D\rightarrow \phi _Q\gamma _d \phi _D$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _L\,\phi _E\rightarrow \phi _L\gamma _e \phi _E$$\end{document}$; similar for the fermions and auxiliary fields, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _{u,d,e}$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$3\times 3$$\end{document}$ matrices.
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The Higgs masses at one loop in "non-linear" MSSM {#Sec3}
=================================================
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The electroweak scale fine-tuning {#Sec4}
=================================

General results {#Sec5}
---------------
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The constrained "non-linear" MSSM {#Sec6}
---------------------------------

The reduction of the EW fine-tuning in our model can be illustrated further by comparing it with that in the constrained MSSM (CMSSM) with universal UV scalar mass $\documentclass[12pt]{minimal}
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Unlike other attempts to reduce the EW fine-tuning, the present case has the advantage that it does not introduce new states in the visible sector. However, there still is a "cost" at the phenomenological level. In models with a TeV scale for SUSY breaking, the gravitino is very light (milli-eV) and the usual MSSM-like account for dark matter (as due to the LSP) cannot apply. This is a standard problem for models with a low scale of SUSY breaking, and alternative dark matter candidates need to be considered (the axino \[[@CR76]\], or the axion \[[@CR77]\]; for a review see \[[@CR78]\]).

Conclusions {#Sec10}
===========

The significant amount of EW fine-tuning $\documentclass[12pt]{minimal}
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Another point of view is that a large EW fine-tuning may indicate a problem with our understanding of supersymmetry breaking. Motivated by this we considered the case of MSSM-like models with a low scale of supersymmetry breaking in the hidden sector, $\documentclass[12pt]{minimal}
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For the most conservative case of a constrained "non-linear" MSSM model and at low $\documentclass[12pt]{minimal}
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We assumed that in our case the sgoldstino was massive enough and integrated out, by using the superfield constraint that decouples it from the low energy. Corrections to our result can then arise from the scalar potential for the sgoldstino that depends on the structure of its Kähler potential (which gives mass to it) and the superpotential in the hidden sector. Another correction can arise from future experimental constraints that may increase the lower bounds on the value of $\documentclass[12pt]{minimal}
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Appendix {#Sec11}
========
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Hence the name of the model: "non-linear" MSSM.

We stress that at energy scales below $\documentclass[12pt]{minimal}
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In the standard notation for a two-Higgs doublet model $\documentclass[12pt]{minimal}
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Effective operators in the Higgs sector in the SUSY context were discussed in the past \[[@CR49], [@CR62]--[@CR69]\].
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As we shall detail shortly for the case of the constrained MSSM.

For this exponential dependence on $\documentclass[12pt]{minimal}
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As we show shortly for the conservative case of the constrained "non-linear" MSSM, at small $\documentclass[12pt]{minimal}
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This is a conservative bound, since in the potential (Eq. ([9](#Equ9){ref-type=""})) and in the Higgs mass of Eqs. ([18](#Equ18){ref-type=""}), ([20](#Equ20){ref-type=""}) the leading corrections are actually of the (higher) order $\documentclass[12pt]{minimal}
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